
CONNECTIONS ON PRINCIPAL PROLONGATIONS
OF PRINCIPAL BUNDLES

Ivan Kolář

Abstract. We study the principal connections of the r-th princi-
pal prolongation W rP of a principal bundle P (M,G) by using the
related Lie algebroids. We deduce that both basic approaches to
the concept of torsion are naturally equivalent. We prove that the
torsion-free connections on W rP are in bijection with the reduc-
tions of W r+1P to the group G1

m×G. Special attention is paid to
the flow prolongation of connections.

Consider a principal bundle P (M,G), dimM = m. Its r-th order
principal prolongation W rP is the bundle of all r-jets jr

(0,e)ϕ of local
principal bundle isomorphisms

ϕ : Rm ×G→ P , 0 ∈ Rm, e = the unit of G.

This is a principal bundle over M with structure group W r
mG :=

W r
0 (Rm × G), whose action on W rP is given by the jet composition,

[11]. If G = {e} is the one-element group, then M × {e} is identified
with M and W r(M × {e}) = P rM is the r-th order frame bundle of
M . The r-th principal prolongation W rP is a fundamental structure
for both the general theory of geometric object fields, [11], and the
gauge theories of mathematical physics, [3].

Our main subject are the principal connections on W rP . So we omit
the adjective “principal” as a rule. At a few places (in particular at
the beginning of Section 4), where we mention arbitrary connections
on an arbitrary fibered manifold Y , we call them explicitly “general
connections”.

It has been clarified recently that the connections Λ on P rM are
in bijection with the r-th order linear connections λ : TM → JrTM
on TM . In Section 2 we point out that in the case of W rP the role
of TM is replaced by the Lie algebroid LP = TP/G of P . Using the
flow prolongation of right -invariant vector fields, we identify Jr(LP →
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M) with the Lie algebroid LW rP and prove that the connections ∆
on W rP are in bijection with the linear splittings δ : TM → JrLP .
The torsion of ∆ is defined as the covariant exterior differential of the
canonical one-form of W rP , while the torsion of δ is introduced by
means of the bracket of LP . In Section 3 we prove that the torsions of
∆ and δ are naturally equivalent.

A connection Γ on P and a connection Λ on P rM determine a con-
nection Wr(Γ,Λ) on W rP by means of the flow prolongation of vector
fields. To demonstrate the applicability of the algebroid approach, we
express explicitly the torsion of W1(Γ,Λ) in terms of the torsion of Λ
and the curvature of Γ in Section 4. For arbitrary r, we then deduce
that Wr(Γ,Λ) is torsion-free, if and only if Λ is torsion-free and Γ is
curvature-free. In Section 5 we prove that, analogously to the case of
P rM , the torsion-free connections on W rP are identified with certain
reductions of W r+1P .

From a general point of view, Jr is a fiber product preserving bundle
functor. In Section 6 we study an arbitrary functor F of this type
and we deduce the algebroid formula for the flow prolongation of the
above-mentioned pair of connections Γ and Λ.

All manifolds and maps are assumed to be infinitely differentiable.
Unless otherwise specified, we use the terminology and notations from
the book [11].

1. The torsion of connections on W rP . We write Gr
m for the r-th

jet group in dimension m and T r
mG = Jr

0 (Rm, G). We have W rP =
P rM ×M JrP and

(1) W r
0 (Rm ×G) = W r

mG = Gr
m o T r

mG

is the group semidirect product with the group composition

(2) (g1, C1)(g2, C2) =
(
g1 ◦ g2, (C1 ◦ g2) •C2

)
,

where • denotes the induced group composition in T r
mG, [11]. The

first product projection W rP → P rM is a principal bundle morphism
with the associated group homomorphism W r

mG → Gr
m determined

by (1). Write PBm(G) for the category of principal G-bundles with
m-dimensional bases and principal G-morphisms with local diffeomor-
phisms as base maps. Let P̄ (M̄,G) be another object of PBm(G) For
every PBm(G)-morphism f : P → P̄ with base map f : M → M̄ , we
define

(3) W rf = P rf ×f J
rf : P rM ×M JrP → P rM̄ ×M̄ JrP̄ .

Then W r is a functor from the category PBm(G) into PBm(W r
mG),

[11].
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On P rM , we have the canonical one-form ϕr : TP rM → Rm × gr−1
m .

OnW rP , we introduce analogously a canonical one-form Θr : TW rP →
Rm × wr−1

m G = T(0,er−1)W
r−1(Rm × G), er−1 = the unit of W r−1

m G.
Consider u = jr

(0,e)ϕ ∈ W rP and write u1 = πr
r−1(u) ∈ W r−1P , where

πr
r−1 is the jet projection. The tangent map

(4) ũ = T(0,er−1)W
r−1ϕ : Rm ×wr−1

m G→ Tu1W
r−1P

is a linear isomorphism depending on u only. For every Z ∈ TuW
rP ,

we define

Θr(Z) = ũ−1
(
Tπr

r−1(Z)
)
.

Clearly, the following diagram commutes

(5) TW rP
Θr //

��

Rm ×wr−1
m G

��

TP rM
ϕr // Rm × gr−1

m

For a connection Λ on P rM , Yuen defined its torsion to be the
covariant exterior differential DΛϕr. Analogously, in [13] we introduced

Definition 1. The torsion of a connection ∆ on W rP is the covariant
exterior differential D∆Θr.

2. Another approach to connections on W rP . A linear splitting
TM → JrTM is said to be a linear r-th order connection on TM .
Since P r is an r-th order bundle functor from the category Mfm of m-
dimensional manifolds and local diffeomorphisms into PBm(Gr

m), the
flow prolongation PrX of every vector field X on M is a right-invariant
vector field on P rM , [11]. The restriction PrX | P r

xM depends on jr
xX

only. This defines an identification

(6) Ir
M : JrTM → LP rM ,

where LP rM is the Lie algebroid of P rM , [15]. Clearly, for every linear
splitting λ : TM → JrTM , the rule

(7) Λ(Z) = Ir
M

(
λ(Z)

)
, Z ∈ TM

defines a connection Λ on P rM . This establishes a bijection λ → Λ
between linear r-th order connections on TM and connections on P rM ,
[8].

Such a bijection can be generalized to the case of W rP . The role
of TM is replaced by the Lie algebroid LP = TP/G of P . Every
section σ : M → LP is identified with a right-invariant vector field
σ̄ : P → TP such that σ = σ̄/G. Since W r is a functor from PBm(G)
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into PBm(W r
mG) , the flow prolongation Wr(σ̄) is a right-invariant

vector field on WrP . The rule

(8) Ir
P (jr

xσ) =
(
Wr(σ̄) | W r

xP
)/
W r

mG

defines a bijection Ir
P : Jr(LP → M) → LWrP . This is the princi-

pal bundle form of an identification that was established in the Lie
algebroid form in [14]. In the same way as in (7), we obtain

Proposition 1. (8) identifies connections ∆ on W rP with linear split-
tings

(9) δ : TM → JrLP .

We say that δ is the algebroid form of ∆.

3. The torsions on W rP and JrLP . The (r − 1)-jet at x ∈ M of
the bracket [X1, X2] of two vector fields X1 and X2 on M depends on
the r-jets jr

xX1 and jr
xX2. This defines a bilinear morphism

[ , ]r : JrTM ×M JrTM → Jr−1TM .

For a linear r-th order connection λ : TM → JrTM , one defines its
torsion τλ : TM ×M TM → Jr−1TM by

(10) (τλ)(Z1, Z2) =
[
λ(Z1), λ(Z2)

]
r
, (Z1, Z2) ∈ TM ×M TM .

Our result from [8] reads: If Λ is the principal bundle form of λ, then
the torsion DΛϕr is naturally identified with the torsion τλ. We are
going to deduce the same result for the case of W rP .

Since the bracket [[ , ]] of LP is a first order operator, it determines
a bilinear morphism

[[ , ]]r : JrLP ×M JrLP → Jr−1LP

analogously to [ , ]r.

Definition 2. The torsion of a connection in the algebroid form δ : TM →
JrLP is the morphism

τδ : TM ×M TM → Jr−1LP

defined by

(τδ)(Z1, Z2) = [[δ(Z1), δ(Z2)]]r , (Z1, Z2) ∈ TM ×M TM .

Clearly, τδ can be viewed as a section of Jr−1LP ⊗ Λ2T ∗M .
Write U r−1

m = Jr−1
0 L(Rm × G). Since Jr−1L is an r-th order gauge

natural bundle, every u = jr
(0,e)ϕ ∈ W rP can be interpreted as a map

(11) Jr−1L(u) := (Jr−1L)(ϕ) |0 : U r−1
m → Jr−1

x LP .
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Our identification Ir−1
P : Jr−1LP → LW r−1P is a natural equivalence

of functors Jr−1L and LW r−1. Write V r−1
m = L0W

r−1(Rm × G) =
Rm ×wr−1

m . Analogously to (11), we construct

(12) LW r−1(u) := LW r−1(ϕ) |0 : V r−1
m → LxW

r−1P .

The restriction of Ir−1
Rm×G over 0 ∈ Rm yields a bijection ε : U r−1

m →
V r−1

m . By naturality, the following diagram commutes

(13) U r−1
m

Jr−1L(u)
//

ε

��

Jr−1
x LP

(Ir−1
P )x

��
V r−1

m

LW r−1(u)
// LxW

r−1P

If we identify LxW
r−1P with Tu1W

r−1P , u1 = πr
r−1(u), then LW r−1(u)

is identified with ũ from (4). Since Jr−1LP ⊗ Λ2T ∗M is a fiber bun-
dle associated to W rP with standard fiber U r−1

m ⊗ Λ2Rm∗ and τδ is a
section, we can consider its frame form

(14) {τδ} : W rP → U r−1
m ⊗ Λ2Rm∗ ,

[11]. On the other hand, D∆Θr is a horizontal 2-form, so that it can
be interpreted as a map

(15) {D∆Θr} : W rP → V r−1
m ⊗ Λ2Rm∗ .

Further we can construct

ε⊗ id Λ2Rm∗ : U r−1
m ⊗ Λ2Rm∗ → V r−1

m ⊗ Λ2Rm∗ .

Proposition 2. Under the identifications (14) and (15),

(16) {D∆Θr} =
(
ε⊗ id Λ2Rm∗

)
◦ 1

2
{τδ} .

Proof. If η2 is a vector field on W rP , then Θr(η2) is an (Rm×wr−1
m G)-

valued function on W rP . Thus, if η1 is another vector field on W rP , we
can consider the derivative η1Θr(η2) : W rP → Rm × wr−1

m G of Θr(η2)
in the direction of η1. First we deduce that for every sections σ1,
σ2 : M → LP we have

(17) Wr(σ̄1) Θr

(
Wr(σ̄2)

)
= Θr

(
[W̄rσ̄1,Wrσ̄2]

)
.

Indeed, the rule σ̄ 7→ Θr(Wrσ̄) is a gauge-natural operator. Hence if
commutes with the Lie differentiation, [11]. But the Lie derivative of
σ̄2 with respect to σ̄1 is the bracket [σ̄1, σ̄2].
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Consider now u ∈ W r
xP and Z1, Z2 ∈ TxM , δ(Zi) = jr

xσi, i = 1, 2.
Write u0 : Rm → TxM for the underlying map of u. If we interpret
{D∆Θr} as a map W rP × Rm × Rm → V r−1

m , we have

{D∆Θr}
(
u, u−1

0 (Z1), u
−1
0 (Z2)

)
= dΘr

(
Wrσ̄1(u),Wrσ̄2(u)

)
.

Applying the classical formula for dΘr and (17), we obtain

2dΘr(Wrσ̄1,Wrσ̄2) = (Wrσ̄1)Θr(Wrσ̄2)− (Wrσ̄2)Θr(Wrσ̄1)

−Θr

(
[Wσ̄1,Wσ̄2]

)
= Θr

(
[Wrσ̄1,Wrσ̄2]

)
.

By the commutativity of (13), the last expression corresponds to
[[δ(Z1), δ(Z2)]]r.

4. The flow prolongation of principal connections. First we
recall a general result on the flow prolongation of connections on an
arbitrary fibered manifold Y → M . Let Σ be a general connection
on Y considered in the lifting form

Σ: Y ×M TM → TY .

Write FMm,n for the category of fibered manifolds with m-dimensional
bases and n-dimensional fibers and their local isomorphisms. Let F be
a bundle functor on FMm,n of the base order r, [11]. For every vector
field X on M we first construct the Σ-lift ΣX : Y → TY . The flow
prolongation F(ΣX) depends on the r-jets of X. This defines a map

FΣ: FY ×M JrTM → TFY .

Let Λ be a principal connection on P rM and λ : TM → JrTM be the
corresponding splitting. Then

F(Σ,Λ) := FΣ ◦ (id FY ×Mλ) : FY ×M TM → TFY

is a general connection on FY , that is called the flow prolongation of
Σ with respect to Λ, [11].

If we consider a principal connection Γ on a principal bundle P (M,G)
in the role of Σ, then Wr(Γ,Λ) is a principal connection on W rP . The
algebroid form γ : TM → LP of Γ is a fibered morphism over id M . Its
r-th jet prolongation is a map Jrγ : JrTM → JrLP . The following
assertion will be proved in Section 6 in a more general setting.

Proposition 3. The algebroid form of Wr(Γ,Λ) is

(18) Jrγ ◦ λ : TM → JrLP .

The first application of (18) is the following assertion, that we de-
duced in a quite different way in [13]. However, we find remarkable that
the algebroid approach reduces the proof to a simple direct evaluation.
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Proposition 4. W1(Γ,Λ) is torsion-free, iff λ is torsion-free and Γ is
curvature-free.

Proof. By locality, it suffices to discuss the case P = Rm × G, so that
LP = TRm × g. The sections of LP are pairs (X, %), of a vector field
X on Rm and a map % : Rm → g with the bracket

(19) [[(X1, %1), (X2, %2)]] =
(
[X1, X2], X1%2 −X2%1 + [%1, %2]g

)
,

where [X1, X2] is the bracket of vector fields and [ , ]g is the bracket
in g.

Consider the canonical coordinates xi on Rm, the induced coordi-
nates yi on TRm and some linear coordinates zp on g. Let yi

j, z
p
i be

the induced coordinates on J1LP . The map [[ , ]]1 has the coordinate
expression

(20)
(
yj

1y
i
2j − yj

2y
i
1j, y

i
1z

p
2i − yi

2z
p
1i + cpqrz

q
1z

r
2

)
,

where cpqr are the structure constants of G. Let δ : TM → J1LP be a
connection of the form

(21) zp = ∆p
i (x)y

i , yi
j = ∆i

kj(x)y
k , zp

i = ∆p
ji(x)y

j .

Then the coordinate expression of τδ is

(22)
1

2

(
∆k

ij,∆
p
ij + cpqr∆

q
i ∆

r
j

)
dxi ∧ dxj .

On the other hand, let γ and λ be of the form

(23) zp = Γp
i (x)y

i , yi
j = Λi

kj(x)y
k .

Then the coordinate expression of J1γ is

(24) zp
i =

∂Γp
j

∂xi
yj + Γp

jy
j
i .

Hence J1γ ◦ λ is of the form yi
j = Λi

kjy
k and

(25) zp
i =

(∂Γp
j

∂xi
+ Γp

kΛ
k
ij

)
yj .

By (22), the torsion of J1γ ◦ λ is

(26)
1

2

(
Λk

ij,
∂Γp

j

∂xi
+ Γp

kΛ
k
ij + cpqrΓ

q
i Γ

r
j

)
dxi ∧ dxj .

The first term in (26) is the torsion of Λ. If it vanishes, the second
term coincides with the algebroid expression

(27)
1

2

(∂Γp
j

∂xi
+ cpqrΓ

q
i Γ

r
j

)
dxi ∧ dxj

of the curvature of Γ.
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Now it is easy to prove the general result.

Proposition 5. Wr(Γ,Λ) is torsion-free, iff Λ is torsion-free and Γ is
curvature-free.

Proof. If Wr(Γ,Λ) is torsion-free, then W1(Γ,Λ) is also torsion-free, so
that Γ is integrable. Hence there is a local trivialization of P such that
Γp

i = 0 identically. Then all non-trivial coefficients of Jrγ are also zero
and the coordinate expression of [[ , ]]r reduces to the case of Λ. So the
coordinate expressions of τ(Jrγ ◦ λ) and τλ coincide and our assertion
follows from Proposition 4.2 in [8].

5. Torsion-free connections as reductions. Every a ∈ G1
m is a ma-

trix that defines a linear map l(a) : Rm → Rm. This yields an injection

G1
m ↪→ Gr

m , a 7→ jr
0l(a) .

In [5], we deduced that the torsion-free connections on P rM are in
bijection with the reductions of P r+1M to the subgroup G1

m ⊂ Gr+1
m .

The r-jets jr
0 ĝ, g ∈ G, of the constant maps ĝ : Rm → G, x 7→ g, define

an injection G→ T r
mG. Then G1

m ×G is a subgroup of W r
mG. In [13],

we proved that the torsion-free connections on W 1P are in bijection
with the reductions of W 2P to G1

m ×G. We are going to deduce such
a result for an arbitrary order r.

For every fibered manifold Y → M , the r-th contact morphism is
a map ψr : TJrY → V Jr−1Y ≈ Jr−1(V Y → M). In the case of a
principal bundle P (M,G), we have V P = P × g. Then Jr−1V P =
Jr−1P ×M Jr−1(M, g). Every frame of P r−1

x M identities Jr−1
x (M, g)

with the Lie algebra tr−1
m G of T r−1

m G If we modify ψr in this way, we
obtain a map ψ̄r : TWrP → tr−1

m G. On the other hand, wr−1
m G = gr−1

m ×
tr−1
m G, so that we have the product projection π : Rm×wr−1

m G→ tr−1
m G.

One verifies directly that

(28) ψ̄r = π ◦Θr .

We have J1(W rP ) = J1P rM ×M J1JrP . In [5], we described an
injection P r+1M ↪→ J1P rM . On the other hand, we have the classical
inclusion Jr+1P ↪→ J1JrP . This defines an injection

(29) ir : W r+1P → J1(W rP ) .

Let Γ: P → J1P be a connection on P = W 0P . The rule

%(Γ)(u, v) =
(
u,Γ(v)

)
, (u, v) ∈ P 1M ×M P ,

defines a reduction %(Γ)(P 1M ×M P ) ⊂ W 1P to G1
m × G, [13]. For a

connection ∆: WrP → J1WrP , we proceed by the following induction.
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Let ∆ be such that the underlying connection ∆1 on W r−1P is torsion-
free. Hence ∆1 defines a reduction

%(∆1) : P 1M ×M P → W rP

by the induction hypothesis.

Proposition 6. ∆ is torsion-free, iff the values of ∆ ◦ %(∆1) lie in
ir(W

r+1P ). Then we define

%(∆) = i−1
r ◦∆ ◦ %(∆1) : P 1M ×M P → W r+1P .

Proof. Every %(∆)(u, v), (u, v) ∈ P 1M ×M P , represents a linear m-
dimensional subspace S in TWrP , which is identified with a pair of
m-dimensional linear subspaces S1 ⊂ TP rM and S2 ⊂ TJrP . By (5)
and (28), dΘr | S can be considered as the pair

(
dϕr | S1), dψ̄r(S2)

)
.

By [5], dϕr | S1 = 0 if and only if S1 corresponds to an element of
P r+1M . Analogously to [6], dψ̄r | S2 = 0 if and only if S2 corresponds
to an element of Jr+1P .

Proposition 7. Proposition 6 establishes a bijection between the torsion-
free connections on W rP and the reductions of W r+1P to the subgroup
G1

m ×G ⊂ W r+1
m G.

Proof. On one hand, one verifies directly that %(∆) is a reduction to the
subgroupG1

m×G. On the other hand, letQ : P 1M×MP → W r+1P be a
reduction to the subgroup G1

m×G. Write Q1 = πr+1
r ◦Q : P 1M×MP →

W rP . For every Q1(u, v) ∈ W rP , (u, v) ∈ P 1M ×M P , Q(u, v) repre-
sents an m-dimensional horizontal subspace of TW rP . Since our maps
are (G1

m×G)-equivariant, these subspaces are canonically extended into
a connection on W rP . By the proof of Proposition 6, this connection
is torsion-free.

6. The case of W FP . The r-th jet prolongation of fibered manifolds
is a fiber product preserving bundle functor Jr on the category FMm

of fibered manifolds with m-dimensional bases and fibered morphisms
with local diffeomorphisms as base maps. In [12] we characterized
all these functors in terms of Weil algebras, see also [9]. Every such
functor F has finite order. In the base order of F is r, then we have
an identification F = (A,H, t), where A is a Weil algebra, H : Gr

m →
Aut A is a group homomorphism and t : Dr

m → A is an equivariant
algebra homomorphism, provided Aut A means the group of all algebra
automorphisms of A and Dr

m is the Weil algebra Jr
0 (Rm,R). In the

case of Jr, we have A = Dr
m, so that Aut Dr

m = Gr
m, H = id Gr

m
and

t = id Dr
m
.
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Analogously to the case of Jr, every F = (A,H, t) determines a
bundle functor W F on PBm(G)

W FP = P rM ×M FP , W Ff = P rf ×f Ff ,

[2]. Similarly to the case of W r, W F (Rm ×G) is a Lie group

(30) WA
HG = Gr

m o TAG

with the group composition

(31) (g1, C1)(g2, C2) =
(
g1 ◦ g2, HG(g−1

2 )(C1)•C2

)
,

where • denotes the induced group composition in TAG.
Further, W FP is a principal bundle over M with structure group

WA
HG. The values of W F are in the category PBm(WA

HG).
For every fibered manifold Y →M , t induces a map tY : JrY → FY ,

(32) tY (jr
xs) = (Fs)(x) , x ∈M ,

where s is a local section of Y , which is interpreted as a fibered mor-
phism from the trivial fibered manifold M → M into Y , so that
Fs : M → FY . In particular, we have tTM : JrTM → FTM . On
the other hand, the anchor map q : LP → TM induces FLP → FTM .
In [10] we deduced, by using the theory of semi-direct products, that
the Lie algebroid of W FP is

(33) LW FP = JrTM ×FTM FLP .

For every section σ : M → LP , the vector field σ̄ on P induces
the flow prolongation WF (σ̄), which is a right-invariant vector field on
W FP . To found its algebroid form, we use our general idea of the flow
natural transformation of F . According to [7], see also [9], for every
Y →M there exists a map

ψF
Y : JrTM ×FTM F (TY →M) → T (FY )

with the property that for every projectable vector field η on Y over ξ
on M , the flow prolongation Fη satisfies

Fη = ψF
Y ◦ (jrξ ×Fξ Fη) ,

provided η is considered as a fibered morphism of TY →M into TM →
M . In particular, this yields

Proposition 8. For every section σ : M → LP over X = q ◦ σ : M →
TM , the flow prolongation WF (σ̄) corresponds to the section

jrX ×FX Fσ : M → LW FP , jrX : M → JrTM ,

Fσ : M → F (LP →M) .
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Let Γ be a connection on P and Λ a connection on P rM . Hence the
flow prolongation WF (Γ,Λ) is a connection on W FP . The algebroid
form γ : TM → LP of Γ is a base preserving morphism, so that we can
construct Fγ : FTM → FLP . Further, we have λ : TM → JrTM . By
the very definition of WF (Γ,Λ), we define

Proposition 9. The algebroid form of WF (Γ,Λ) is (λ, Fγ ◦ tTM ◦
λ) : TM → LW FP .

In the case F = Jr, we have tTM = id JrTM , so that Proposition 3 is
a special case of Proposition 9.

Remark. There is a natural question whether one can define the tor-
sion of connections on an arbitrary principal bundle W FP . The def-
inition of the canonical form on W rP is essentially based on the fact
that W r−1 is the underlying functor of W r of the order r−1. However,
Doupovec clarified that the general concept of underlying functors of
arbitrary F is rather sophisticated, [1]. So it seems to be reasonable to
restrict ourselves to the subfunctors E ⊂ J1F with the property that
the jet projection EY → FY is surjective. Then Proposition 2 of [4]
implies that there is a canonical form on W FP with good properties
and the procedures of the present paper can be applied.
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